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We introduce a family of paired-composite-fermion trial wave functions for any odd Cooper-
pair angular momentum. These wave functions are parameter-free and can be efficiently projected
into the lowest Landau level. We use large-scale Monte-Carlo simulations to study three cases:
Firstly, the Moore-Read phase, which serves us as a benchmark. Secondly, we explore the pairing
associated with the anti-Pfaffian and the particle-hole symmetric Pfaffian. Specifically, we assess
whether their trial states feature exponentially decaying correlations and thus represent gapped
phases of matter. For Moore-Read and anti-Pfaffian we find decay lengths of ξMoore-Read = 1.30(5)
and ξanti-Pfaffian = 1.38(14), in units of the magnetic length. By contrast, for the case of PH-Pfaffian,
we find no evidence of a finite length scale for up to 56 particles.
I. INTRODUCTION
The half-filled Landau level is well known for realiz-
ing two particularly remarkable manifestations of strong
electronic correlations. In the lowest Landau level (LLL)
at filling factor ν = 12 , Coulomb interactions between
electrons result in a metallic state of emergent charge-
neutral quasiparticles.1–5 The properties of this state are
well-described in terms of composite fermions (CFs)—
electrons bound to two fictitious flux quanta.6–8 At half-
filling, these flux quanta compensate for the magnetic
field, and CFs form a gapless ‘composite Fermi liquid’
(CFL).9 In the half-filled first excited Landau level, i.e.,
at ν = 52 , there is instead strong numerical and experi-
mental evidence of a gapped state10–19 attributed to pair-
ing of composite fermions.20–24 The pairing channel is
still not fully settled; the leading contenders in numerical
studies are the Moore-Read Pfaffian state, which features
Cooper pairs with angular momentum ` = −1,21,24 and
the anti-Pfaffian with ` = 3.14,25,26
A subtle issue in studies of the half-filled Landau level
is particle-hole (PH) symmetry, which arises when elec-
trons occupy exactly half of a particular Landau level
and interact solely via two-body interactions. Analyses
of PH symmetry date back several decades,27 but recent
developments have refocused theoretical and experimen-
tal efforts on this question. The first of these was a
proposal to describe CFs as Dirac particles, on which
PH symmetry acts as time-reversal symmetry.28–38 The
pairing of Dirac CFs is related to one of non-relativistic
CFs via `Dirac = 1− `. In particular, the unique pairing
channel consistent with PH symmetry has `Dirac = 0 or
` = 1. The corresponding topological order, irrespective
of whether this symmetry is preserved or not, is known
as ‘PH-Pfaffian’.28,39–43 To date, there is no known mi-
croscopic model that realizes this phase. For the case of
Coulomb-interacting electrons at ν = 52 without Landau-
level mixing,11 the numerical findings imply a sponta-
neously broken PH symmetry.
Experimentally, distinguishing between the possible
paired states at ν = 52 is notoriously difficult because
they exhibit the same universal responses to all charge-
sensitive probes. In particular, the Hall conductance
σxy =
5
2
e2
h is independent of `, as is the elementary quasi-
particle charge e∗ = e4 , measured in Ref. 44. It has long
been appreciated that measurements of the thermal Hall
conductance κxy can distinguish between these states,
with κxy = (3 − `2 )pikB3h T . Such an experiment was re-
cently carried out and, surprisingly, found the value ` = 1
corresponding to PH-Pfaffian.45 The marked absence of
this phase from all numerical studies has led to proposals
that the observed value is either due to disorder-induced
formation of the PH-Pfaffian topological order,46–48 or
reflect incomplete equilibration between the edge states
of an underlying anti-Pfaffian phase.49–54
The numerical search for a realization of the PH-
Pfaffian phase in a clean quantum Hall system is consid-
erably impeded by the absence of a trial wave function. A
generalization of the celebrated Moore-Read wave func-
tion to the PH-Pfaffian phase was proposed in Refs. 55
and 56. However, subsequent numerical studies of this
state have raised doubts whether it describes a gapped
phase or instead represents a gapless CFL.57,58
Specifically, these works observed a substantial over-
lap between PH-Pfaffian and composite Fermi liquid trial
states, as well as pronounced 2kF oscillations in the
density-density correlation function. (Within BCS mean-
field theory, the amplitude of such oscillations decays ex-
ponentially with a length scale set by the inverse super-
conducting gap). These analyses were limited to rela-
tively small systems of Np = 12 particles by the need to
perform an explicit projection into the LLL. In this work,
we develop a method of studying PH-Pfaffian trial wave
functions for much larger particle numbers and present
numerical results for up to Np = 56 particles.
The rest of this article is organized as follows: In
Sec. II, we introduce a family of paired-composite fermion
wave functions for arbitrary odd `, which can be effi-
ciently studied via Monte Carlo methods. This family
includes, in particular, the Moore Read state (` = −1),
the anti-Pfaffian (` = 3), and the PH-Pfaffian (` = 1). In
Sec. III, we describe and compare several different routes
of obtaining LLL wave function from composite-fermion
based Ansa¨tze. Sec. IV contains our main numerical re-
sults. We compute density-density correlation functions
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2of all three states as well as those of unpaired CFLs. We
also calculate the overlap between paired and unpaired
trial states. In Sec. V, we conclude by discussing the
implications of our findings and potential directions in
the search for suitable PH-Pfaffian trial states. The Ap-
pendices contain additional numerical data and technical
details regarding LLL projection.
II. TRIAL WAVE FUNCTIONS OF PAIRED
COMPOSITE FERMIONS
A wide class of paired composite fermions wave func-
tions on a sphere was introduced in Ref. 59 as
ΨMo¨ller-Simon = PLLL
{
Pf [gab]
∏
a<b
ω2pab
}
, (1)
where ωab = uavb − ubva with u = cos( θ2 ) exp(iφ2 ) and
v = sin( θ2 ) exp(i
φ
2 ). In general, these wave functions re-
quire an explicit projection into the LLL, denoted by
PLLL. The Pfaffian factor alone describes a BCS super-
conductor with Cooper-pair wave function gab and the
Jastrow factor
∏
a<b ω
2p
ab encodes attachment of 2p flux
quanta. Instead of the magnetic flux Nφ, CFs experience
the reduced flux N effφ = Nφ − 2p(Np − 1). Due to the
curvature of the sphere, the particle number may be off-
set from the product of filling factor and magnetic flux
by the shift S = ν−1Np − Nφ.60 In the half-filled LLL,
the effective monopole strength is determined by the shift
according to q ≡ N effφ /2 = 1− S/2.
In order to specify the pairing channel, we expand
gab in single-particle orbitals corresponding to q, i.e.,
monopole harmonics Y ql,m.
61 (Ref. 59 focused on the
Moore-Read case qMR = − 12 , but the generalization to
other q is straightforward.) In states with a well-defined
Cooper-pair angular momentum ` = 2q, the monopole
harmonics enter g`ab through the linear combinations
Φql ≡
∑
m
Y ql,m(ra)Y
q
l,m(rb) = ω
2q
abf
q
l (|ωab|) , (2)
where Y
q
l,m ≡
(
Y −ql,m
)∗
and fql are specified in App. B.
(We use ` to denote the Cooper-pair angular momentum
and l for single-particle orbitals.) A general rotationally
symmetric wave function can thus be parameterized as
g`ab =
∑
l≥|q| ηlΦ
q
l . (3)
Different choices of ηl can realize both unpaired and
paired states. In the latter cases, the particular choice of
ηl does not affect the Cooper-pair angular momentum.
In general, g`ab contains contributions of electrons in
higher Landau levels and, therefore, an explicit LLL pro-
jection is required. The contributions from ηl with large
l vanish upon projection.59 Consequently, the a priori
infinite number of variational parameters becomes finite
and Np dependent. The remaining ηl can be used to,
e.g., optimize the energy of a trial state with respect to a
given interaction potential. Conversely, to study specific
phases, one needs a prescription for choosing the param-
eters ηl for any number of particles.
We propose the family of Cooper-pair wave functions,
g`ab ≡
1
|ωab|e
i`ϑab =
ω
q−1/2
ab
ω¯
q+1/2
ab
, (4)
where ϑab = arg(ωab). The pairing functions g
`
ab have
angular momentum ` and the characteristic weak-pairing
decay |g`ab| ∝ 1R at long distances (see also App. A). They
can be brought into the form of Eq. (3) through
ω
q−1/2
ab
ω¯
q+1/2
ab
=
∑
l,m
8pi
2l + 1
Y ql,m(ra)Y
q
l,m(rb) . (5)
For q = 0, this identity reduces to the expansion of the
Coulomb potential in spherical harmonics. The q 6= 0
case is its generalization to monopole harmonics. We
have not seen this expression reported in the literature,
but its derivation is straightforward, see App. B.
A. Composite Fermi liquid
The wave function ΨMo¨ller-Simon of Eq. (1) can describe
CFL trial states4 for particle numbers that satisfy
Np =
∑lF
l=|q|(2l + 1) = (lF + 1)
2 − q2. (6)
If ηl = 0 for l > lF, the Pfaffian contains precisely as
many linearly independent orbitals as particles. Conse-
quently,
ΨqCFL ≡ PLLL
{
Pf
[∑lF
l=|q| ηlΦl
]∏
a<b
ω2ab
}
, (7a)
∝ PLLL
{
det
[
Y qla,ma(rb)
]∏
a<b
ω2ab
}
. (7b)
The parameters ηl can thus be used to interpolate be-
tween unpaired and paired states.
B. Moore-Read Pfaffian
For the monopole strength qMR = − 12 , the left-hand
side of Eq. (5) is 1/ωab and ΨMo¨ller-Simon reduces to the
celebrated Moore-Read wave function21
ΨMoore-Read = PLLL
{
Pf
[
1
ωab
]∏
a<b
ω2ab
}
. (8)
This wave function is already in the LLL, and projection
acts trivially. This property is no longer manifest when
the argument of the Pfaffian is expanded using Eq. (5);
it only holds for the infinite sum. However, the contribu-
tions from l > 2Np−3 vanish upon projection. It follows
3that ΨMoore-Read can be reproduced exactly with a finite
number of parameters ηl =
8pi
2l+1 .
Ref. 59 treated ηl as variational parameters and re-
ported a numerically-obtained overlap of over 99% be-
tween the Moore-Read and the variational state for Np =
20. That finding was based on a modified form of pro-
jection into the lowest Landau level that spoils the exact
agreement (see Sec. III A for details). A different imple-
mentation of the projection results in the exact Moore-
Read wave function (see Sec. III B).
C. Anti-Pfaffian
For monopole strength qaPf =
3
2 , Eq. (4) describes pair-
ing with angular momentum ` = 3. Composite fermions
with this pairing symmetry form the anti-Pfaffian phase.
A trial state widely used in exact diagonalization stud-
ies is obtained through particle-hole conjugation of the
Moore-Read wave function Ψanti-Pfaffian ≡ ΘˆΨMoore-Read.
This wave function is, however, not well suited for large
scale Monte Carlo simulations.62 Recently, an elaborate
parton construction was used to produce an alternative
wave function, Ψpartonanti-Pfaffian, amenable to Monte Carlo
methods.57 For Np = 10 it exhibits significant overlap
93.8% with Ψanti-Pfaffian and the same degeneracies of
low-lying states in the entanglement spectrum.
Based on the general family of wave functions defined
through Eq. (4), we propose
ΨCFanti-Pfaffian = PLLL
{
Pf
[
ωab
ω¯2ab
]∏
a<b
ω2ab
}
, (9)
as an alternative trial state in the anti-Pfaffian phase. In
contrast to the Moore-Read case, an explicit projection
into the LLL is required here. All efficient algorithms
for this purpose that have been developed over the years
require that u¯ and v¯ appear with positive powers,7,63–65
which is not the case in Eq. (9). To simulate and analyze
ΨCFanti-Pfaffian for large particle numbers, we therefore use
the expansion of Eq. (5) with qaPf =
3
2 . The resulting
wave function contains only positive powers of u¯ and v¯,
more specifically in the form of monopole harmonics. The
wave function is thus in a form that can be efficiently
projected into the lowest Landau level.
D. Particle-hole symmetric Pfaffian
For monopole strength qPH =
1
2 , Eq. (4) describes pair-
ing with angular momentum ` = 1. The corresponding
paired composite fermion wave function is given by
ΨPH-Pfaffian = PLLL
{
Pf
[
1
ω¯ab
]∏
a<b
ω2ab
}
. (10)
It was previously proposed in Ref. 55 and studied nu-
merically for Np = 10, 12 in Refs. 57 and 58. These
works found indications that projection may result in
a state with surprisingly weak (or altogether absent)
pairing between composite fermions. Specifically, the
overlap between ΨPH-Pfaffian and a CFL at the same
shift is surprisingly large. For Np = 12 the over-
lap |〈ΨPH-Pfaffian|CFL〉| = 95.42(1)% is significantly
larger than the one between Moore-Read state and CFL,
|〈ΨMR-Pfaffian|CFL〉| = 61.9(3)%, despite a substantially
smaller Hilbert space of the latter.58 Moreover, the
density-density correlation function of ΨPH-Pfaffian fea-
tures more pronounced 2kF oscillations than ΨMoore-Read.
As for the case of anti-Pfaffian, the expansion of Eq. (5)
provides us with a wave function that can be efficiently
projected into the LLL.
III. LOWEST LANDAU LEVEL PROJECTION
Most of the trial states discussed above do not re-
side entirely in the LLL. To eliminate contributions from
higher Landau levels, one may expand a wave function in
single-particle orbitals with well-defined Landau-level in-
dex n, and retain only those with n = 0. This form of pro-
jection was applied to PH-Pfaffian trial states in Refs. 57
and 58, but the exponential increase of the Hilbert-space
size quickly renders this approach unfeasible. The same
LLL wave function can be obtained by replacing all in-
stances of u¯ and v¯ with derivatives ∂u and ∂v.
8 However,
the number of required derivatives grows rapidly and be-
comes intractable with modern mathematical software
for moderate Np & 10. To study larger systems, alterna-
tive routes for obtaining LLL wave functions from a given
composite-Fermion ansatz have thus been developed.
A. Single composite fermion projection
The most widely used projection method was intro-
duced in Ref. 7 based on the ‘composite fermion orbitals’
Yql,m(ra) = Y ql,m(ra)
∏
b 6=a ω
p
ab , (11)
with p = 1 at half-filling. The Pfaffian and Jastrow-factor
of Eq. (1) can be combined to write the wave function
succinctly as
Pf [gab]
∏
a<b
ω2ab = Pf
[∑
l,m
ηlYql,m(ra)Y
q
l,m(rb)
]
. (12)
Here, Y is defined as complex conjugation of the
monopole harmonic, but not of the ωp factor.
One can now define ‘single composite fermion projec-
tion’ as separately projecting each CF orbital, i.e.,
PsingleLLL Pf[. . .] ≡ Pf
∑
l,m
ηlPLLLYql,m(ra)PLLLY
q
l,m(rb)
 . (13)
Algorithms for the efficient evaluation of the projected
composite-fermion orbitals were described in Ref. 7 and
further refined in Refs. 63–65.
4Table I. Single and pairwise projections of Eq. (15) for Np =
56 are well-converged at cutoff Nc ≡ lc − |q| = 14. The latter
becomes indistinguishable from ΨMoore-Read within double-
precision for Nc ≈ 18 and matches exactly for Nc ≥ 55.
Nc = 8 Nc = 10 Nc = 15 Nc = 20
|〈ΨMR|ΨpairMR,lc〉| 95.4(3)% 98.48(6)% 99.995(1)% 100(0)%
|〈ΨMR|ΨsingleMR,lc〉| 77.2(6)% 95.4(2)% 93.3(2)% 93.3(2)%
B. Pairwise composite fermion projection
The form of the wave function in Eq. (12) suggests
projecting the argument of the Pfaffian as a whole, rather
than individual Y. We thus define ‘pairwise composite
fermion projection’ as
PpairLLLPf[. . .] ≡ Pf
[∑
l,m
ηlPLLL
{Yql,m(ra)Yql,m(rb)}] . (14)
This form of projection may be implemented similarly
to single CF projection and with comparable efficiency.
(When using the algorithms described in Refs. 64 and 65,
we find pairwise projection to be moderately faster.) In
App. C, we describe this approach in detail.
C. Comparison of different projection methods
Wave functions projected with either PLLL, PsingleLLL , or
PpairLLL do not, in general, coincide. However, in most
cases, they describe the same topological phase, which
can be inferred, e.g., from their entanglement spectra. It
is thus often justified to adopt single or pairwise projec-
tion to access large system sizes.
To illustrate the different projection methods, consider
the (unprojected) wave function
Ψqlc = Pf
 lc∑
l=|q|
8pi
2l + 1
∑
m
Yql,m(ra)Y
q
l,m(rb)
 . (15)
For qMR and cutoff lc =∞, it coincides with ΨMoore-Read,
and the argument of the Pfaffian lies in the LLL. Con-
sequently, both PLLL and PpairLLL act trivially. At finite
lc, the argument contains contributions from higher Lan-
dau levels. Still, for lc > 2Np − 3 and lc > Np − 1,
the Moore-Read wave function is reproduced exactly by
PLLL and PpairLLL . Contributions from larger l vanish under
projection.7 By contrast, single composite fermion pro-
jection applies to each orbital separately and thus acts
non-trivially for any lc. In practice, both single and pair-
wise projections well approximate ΨMoore-Read already at
lc ≈ 2lF ≈ 2
√
Np, see Tab. I.
For qaPf and qPH, we find that PsingleLLL and PpairLLL yield
wave functions that are almost independent of lc beyond
2lF (see App. E for data at qPH). This rapid convergence
makes the expansion attractive for numerical simulations.
Table II. Single and pairwise projections of CFLs at qMR
yield strikingly different overlaps with ΨMoore-Read. At qPH,
the overlap between CFL and ΨPH is substantial, independent
of the projection method.
Np = 12 Np = 30 Np = 42 Np = 56
|〈ΨpairPH |ΨsingleCFL 〉| 95.8(1)% 66.7(1)% 46.2(1)% 28.7(1)%
|〈ΨMR|ΨsingleCFL 〉| 57.5(1)% 13.2(2)% 4.8(5)% 1.3(1)%
|〈ΨMR|ΨpairCFL〉| 97.9(1)% 94.4(2)% 91.9(4)% 89.6(4)%
There are, however, instances where different types of
projection yields dramatically different results. A strik-
ing example is given by the CFL at qMR, which arises for
lc = lF [see also cf. Eq. (7)]. Here, PLLL and PsingleLLL pro-
duce the expected gapless states; for Np = 12, their over-
laps with ΨMoore-Read are 61.9(3)% and 57.5(1)%, respec-
tively. When using pairwise projection, we instead find a
state with a much larger overlap of 97.9(1)% and an en-
tanglement spectrum matching that of ΨMoore-Read. For
larger Np, the margin between two projection schemes
grows rapidly see Table II. By contrast, for CFLs at
positive q, single and pairwise projections are identical.
We therefore use single composite fermion projection for
CFLs at any q.
The example of the CFL at qMR illustrates that wave
functions obtained through different projection schemes
need not even belong to the same phase. In cases
such as PH-Pfaffian, where projection yields unexpected
results,57,58 it may be prudent to compare different meth-
ods. Fortunately, this is not the ‘typical’ behavior, and in
the case of PH-Pfaffian, we do not find significant differ-
ences between trial states projected with either method.
IV. NUMERICAL RESULTS
The primary motivation for this work is to deter-
mine whether the PH-Pfaffian wave function represents
a gapped phase. Since we are studying properties of trial
states rather than Hamiltonians, we use a finite corre-
lation length ξ as a proxy for the (inverse) gap. Us-
ing Monte-Carlo simulation, we compute the normalized
density-density correlation function on a unit sphere
g(R) =
1
N2p
∑
a 6=b 〈δ (ra · rb − cos(R))〉 , (16)
where ra,b are particle positions, and R is the arc dis-
tance. The natural length scale is r0 = N
−1/2
p , the mag-
netic length at half-filling. (For circular Fermi surfaces,
r0 coincides with k
−1
F dictated by Luttinger’s theorem).
In parallel, we compute the static structure factor66
Sl = 1 +
1
Np
∑
a 6=b 〈Pl(ra · rb)〉 , (17)
where Pl(x) are Legendre polynomials.
5Figure 1. (a) The density-density correlation function of the Moore-Read state exhibits 2kF oscillations that decay very
rapidly with the arc length R. In the CFL, by contrast, oscillations persist across the entire sphere. (b) A semi-log plot of the
oscillation amplitude shows their exponential decay in the Moore-Read case. The straight line represents a fit to a decay length
ξ ≈ 1.46r0, where the maximum near the typical inter-particle distance R = 4r0 is viewed as encoding short-distance properties
and thus excluded. The amplitude for the CFL decays much slower than exponentially. (c) The static structure factor of the
Moore-Read state is smooth for all l, while the one of the CFL exhibits a sharp cusp at 2lF, indicating a power-law decay of
real-space oscillations.
In a Fermi liquid, the structure factor is non-analytic
near 2lF, i.e., S2lF+δl − S2lF ∝ (δl)α−3/2 with αFL = 3.
This singularity is reflected in a slow decay of 2kF os-
cillations in real space, i.e., g(R) ∝ cos(2kFR)/Rα at
long distances
√
Np  R/r0  1. In a spherical geome-
try, the oscillation amplitude increases as R → pi due to
constructive interference between different quasiparticle
paths (see also App. D).
In strongly correlated metals with poorly defined
quasiparticles, the exponent governing this decay can
change, but power-law oscillations may persist even when
quasiparticles become poorly defined.67,68 The presence
of such oscillations is thus a useful numerical probe of
emergent Fermi surfaces in quantum Hall systems and
spin liquids.31,69 When pairing gaps out the Fermi sur-
face, the oscillations decay exponentially with a length
scale ξ2kF ∝ ∆−1pair.
A. Moore-Read Pfaffian
We begin our numerical analysis by revisiting the well-
studied Moore-Read state. Specifically, we use a stan-
dard Monte-Carlo algorithm to compute the density-
density correlation function and the structure factor for
the Moore-Read state and the CFL at the same monopole
strength. Their behavior is well understood; we still re-
produce them here as context for our subsequent analysis
of the anti-Pfaffian and PH-Pfaffian states. To facilitate
the comparison, we focus on particle numbers accessible
for three states and that permit CFLs with filled shells,
cf. Eq. (6).
In Fig. 1(a), we show the density-density correlations
for Np = 56. In the Moore-Read state, the initial oscilla-
tions decay rapidly, and g(R) quickly approaches unity.
A semi-logarithmic plot of the oscillation amplitudes
shows the exponential decay expected for a paired state
[Fig. 1(b)]. We fit the decay lengths for the Moore-Read
state with Np = 20, 30, 42, 56, 72 and extrapolate to the
thermodynamic limit, where we find ξMR = 1.30(5)r0.
This result is consistent with the value ξψ ≈ 1.3r0, ex-
tracted in Ref. 70 from the neutral fermion gap through
exact diagonalization of Coulomb interactions. A some-
what longer length scale ξsplit ≈ 2.3r0 was obtained in
Ref. 71 for the finite-size splitting between two putatively
degenerate ground states.
In Fig. 1(c), we show the static structure factors. For
the Moore-Read state, Sl is smooth around 2lF. By con-
trast, it exhibits a cusp in the case of the CFL, consistent
with the slow decay of real-space oscillations. Unfortu-
nately, there is less than a decade between the short-
distance peak near R = 4r0 and the onset of strong finite-
size effects. Consequently, the exponent α cannot be ob-
tained with confidence, and values in the range 2 − 2.8
are consistent with the data shown in Fig 1. Ref. 72 re-
ported a best-fit value of α ≈ 2.75 for CFLs with Np = 54
particles at monopole strength qaPf = 3/2.
B. Anti-Pfaffian
We now analyze the anti-Pfaffian trial state introduced
in Sec. II C. As a first step, we compute its overlap
with the explicit particle-hole conjugate of the Moore-
Read state. The shifts of the two states imply that
Ψanti-Pfaffian(Np) = ΘˆΨMoore-Read(Np + 2). Due to the
exponential growth of the Hilbert space, we are only
able to make an accurate comparison for up to 10 par-
ticles. Tab. III lists the overlaps between Ψanti-Pfaffian
and ΨCFanti-Pfaffian for any of the three projection methods
described in Sec. III. We find a remarkably large overlap
above 99% for two of the projections schemes. Unsurpris-
ing, the low-lying states in the entanglement spectrum
agree even quantitatively, see App. F.
6Figure 2. (a) The density-density correlation functions of the anti-Pfaffian and CFL trial states qualitatively match their
analogues at qMR, cf. Fig. 1. (b) The 2kF oscillations decay exponentially with a length ξ ≈ 1.9r0 for the anti-Pfaffian state
but much slower for the CFL. As before, the R ≈ 4r0 peak is excluded from the fit. (c) The anti-Pfaffian structure factor is
smooth, while the one of the CFL exhibits a cusp at 2lF, similar to the one in Fig. 1(c)
We now turn to a larger system of Np = 54, where a
CFL with filled shells up to lF = 13/2 is also possible
[cf. Eq. (6)]. Here, only single and pairwise projections
are applicable; we do not find significant differences be-
tween the two and quote numbers using the latter. We
find the overlap between the anti-Pfaffian and CFL trial
states to be 6.84(2)%. To compare this value to its ana-
logue at the Moore-Read shift, one may look at states
with the same Hilbert space size (Np = 56) or with the
same lF (Np = 42). These overlaps are 1.3(1)% and
4.8(5)%, respectively, comparable to those for the anti-
Pfaffian (see Tab. II.)
Next, we compute the density-density correlations for
anti-Pfaffian and CFL at Np = 54 number. Our re-
sults are shown in Fig. 2; they closely mirror those
of the Moore-Read state. For the anti-Pfaffian trial
state, we find an exponential decay of oscillations and
a smooth structure factor. We extract the correlation
length for Np = 28, 40, 54 and extrapolate to the ther-
modynamic limit, where we find ξaPf = 1.38(14)r0, close
to ξMR = 1.30(5)r0. The CFL wave function at the anti-
Pfaffian shift behaves very similarly to the one at the
Moore-Read shift, i.e., it exhibits a much slower decay of
oscillations and a cusp at 2lF in the structure factor.
Our findings provide strong evidence that the trial
state ΨCFanti-Pfaffian can describe the anti-Pfaffian phase for
large Np. Its high overlap with the particle-hole conju-
gate of ΨMR at moderate Np suggests that it may, more-
over, be useful for addressing certain questions related to
particle-hole symmetry. For example, the variational en-
ergies in the presence of three-body interactions (which
can be attributed to Landau level mixing) for Moore-
Read and anti-Pfaffian states could be meaningfully com-
pared.
C. PH-Pfaffian
We begin our analysis of the PH-Pfaffian trial state by
comparing the projection methods described in Sec. III at
Table III. The anti-Pfaffian wave function Eq. (9) has a large
overlap with the PH-conjugate of the Moore-Read state for
Np = 6, 8, 10. The values for Ψ
parton
anti-Pfaffian are from Ref. 57.
Wave function Np = 6 Np = 8 Np = 10
ΨCFanti-Pfaffian 99.407(1)% 99.31(6)% 99.11(28)%
ΨCF,singleanti-Pfaffian 99.260(18)% 99.36(8)% 99.12(16)%
ΨCF,pairanti-Pfaffian 97.925(6)% 98.20(9)% 95.99(14)%
Ψpartonanti-Pfaffian 96.86% 95.23% 93.97%
small particle numbers. Up to Np = 12, all three projec-
tion methods are applicable and give similar results. The
overlap between ΨPH and its pairwise projected version
is 99.2(5)%, somewhat larger than for single CF projec-
tion where we find 98.7(7)%. The overlap of all three
states with the CFL is around 95%. For larger systems
where only single and pairwise projection are feasible,
we find no appreciable difference between the two, and
that retaining CF Landau levels up to 2lF is sufficient
(see. App. E). We therefore simply refer to ΨpairPH at this
cutoff as ‘the PH-Pfaffian trial state.’ For Np = 56, we
find that its overlap with the CFL is still 28.65(3)%, sig-
nificantly larger than in the Moore-Read case where the
analogous overlap is 1.3(1)%.
Next, we compute the density-density correlation func-
tions for the PH-Pfaffian trial state and the CFL at the
same shift, see Fig. 3. We find that the 2kF oscillations
of both states persist across the entire system [Fig. 3(a)].
The non-universal overall amplitude of oscillations is sig-
nificantly smaller for the PH-Pfaffian trial state than for
the CFL by an R independent factor [Fig. 3(b)]. (In
a Fermi liquid, such an R-independent change of oscilla-
tion amplitudes may originate in a different quasiparticle
weight.) The relatively weak oscillations are reflected in
a rather faint cusp in Sl [Fig. 3(c)]. Notice, however,
that both the PH-Pfaffian and the CFL trial states ex-
hibit a peak in ∂lSl at the same l ≈ 2lF—unlike the
7Figure 3. (a) Both the PH-Pfaffian trial state and the corresponding CFL exhibit slowly decaying 2kF oscillations, with
approximately the same wavelength. The overall amplitude of these oscillations is an order of magnitude smaller for PH-
Pfaffian (b) A semi-log plot shows that the PH-Pfaffian oscillations are inconsistent with an exponential decay and instead
behave similarly to those of the CFL. (c) The structure factor of the PH-Pfaffian state has a small cusp around 2lF, unlike
those of Moore-Read and anti-Pfaffian.
Moore-Read and anti-Pfaffian cases shown in Figs. 1(c)
and 2(c). These observations strongly suggest that both
wave functions lie in the same gapless CFL phase.
Finally, we perform a simple test of the relationship
between the loss of a pairing gap and PH symmetry. We
study the PH-Pfaffian trial state adapted to the filling
factor ν = 14 , where the question of PH symmetry does
not arise. A possible trial wave function at this filling can
be easily obtained by multiplying a ν = 12 wave function
with a suitable Jastrow factor. However, such a wave
function would presumably inherit many of the latter’s
properties, including any suppression of the gap. We
instead choose p = 2 in Eq. (11) and proceed with pro-
jection as described in Sec. III. We find 2kF oscillations
that persist over the entire system for the largest system
sizes that we studied (Np = 30); see App. E for details.
This finding indicates that the obliteration of the gap due
to projection is not necessarily related to PH-symmetry,
but this connection deserves a more systematic study.
V. SUMMARY AND CONCLUSIONS
We have introduced a class of paired-composite-
fermions trial wave functions at filling factors ν = 12p .
These wave functions can be efficiently projected into the
LLL for any odd Cooper-pair angular momentum `. For
` = −1, the Moore-Read wave function is reproduced ex-
actly, which serves as a useful benchmark for subsequent
approximations. The case ` = 3 describes a wave func-
tion in the anti-Pfaffian phase that, for moderate particle
numbers, well approximates the particle-hole conjugate
of the Moore-Read Pfaffian. This wave function may be
useful in future comparative studies between these two
phases, e.g., in the presence of Landau level mixing.
The ` = 1 member of this family has been previously
proposed to lie in the PH-Pfaffian phase.55 We have sim-
ulated this trial state at ν = 12 for relatively large system
sizes of up to Np = 56 and found no evidence of a pairing
gap on the composite-Fermi surface. To test for a possible
relationship between the loss of a gap and PH symme-
try, we further studied PH-Pfaffian states at ν = 14 , and
found similar behavior to the half-filled case.
The variational freedom afforded by the wave func-
tion of Eq. (1) may well permit a fully gapped PH-
Pfaffian phase in the lowest Landau level. We note that a
pure power-law dependence ηl ∼ l−1+γ in Eq. (2) corre-
sponds to a Cooper-pair wave function g(R) ∼ R−1−γ
for γ ∈ [0, 1]. Insisting on weak-pairing behavior of
the unprojected wave function fixes γ = 0 and a scale-
dependent choice of the parameters ηl is required to ac-
cess different states. Here, lF constitutes the only avail-
able scale, and larger values ηl for l > lF promote pair-
ing correlations. For the projected wave function, we have
found that only parameters with l ≤ 2lF play a significant
role. There are consequently a relatively small number
of variational parameters, and it would be interesting to
explore whether they permit access to the fully-gapped
PH-Pfaffian phase.
Finally, we have observed that different means of pro-
jecting the same CF ansatz can result in LLL wave func-
tions that describe altogether different phases of matter.
Depending on the specific trial state and the purpose of
the study, either method may be preferable. The pair-
wise projection method introduced here provides an al-
ternative to the widely-used single CF projection and is,
likewise, suitable for large-scale Monte-Carlo simulations.
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8Appendix A: Mean-field-superconductor wave
function
The wave functions of spinless mean-field superconduc-
tors can be constructed as prescribed in Ref. 24. Con-
sider a model of spinless fermions in two dimensions with
a mean-field pairing term, i.e.,
HBCS =
∑
k
[
ξkc
†
kck +
1
2
(∆∗kc−kck + H.c.)
]
. (A1)
The HamiltonianHBCS is diagonalized by the Bogoliubov
transformation ak = ukck − vkc†−k, i.e.,
HBCS =
∑
k
Eka
†
kak , Ek =
√
ξ2k + |∆k|2 . (A2)
The functions uk and vk (not to be confused with the
coordinates ua, va) satisfy |uk|2 + |vk|2 = 1 and
gk ≡ vk
uk
=
ξk − Ek
∆∗k
. (A3)
The ground state |Ω〉 of HBCS satisfies ak|Ω〉 = 0 for all
k; in terms of the original fermions c†k it is
|Ω〉 ∝ exp
[
1
2
∑
k
gkc
†
kc
†
−k
]
|0〉 . (A4)
The corresponding real-space wave function for an even
number of fermions is given by
Ψ(r1, . . . , rNp) = Pf[g(ra − rb))] , (A5)
where g(r) is the Fourier transform of gk.
For spinless fermions, ∆k must be an odd function
of k and, in particular, vanishes at k = 0. Thus, we
consider pairing with odd angular momentum `, i.e.,
∆k = ∆|k|ei`ϑk , where ϑk is the angle between k and the
x-axis. Using Eq. (A3), one finds lim|k|→0 g(k) = − 2µ∆∗k
for positive chemical potential. The choice of ∆k above
results in gk ∼ − 2µ∆ 1|k|ei`ϑk and the Fourier transform
g(r) = −i`ei`ϑr
∫
dkk|gk|J`(kr) , (A6)
where J` is the Bessel function of the first kind, which
satisfies the normalization
∫∞
0
dxJ`(x) = 1. The momen-
tum integral converges rapidly enough that is suffices to
insert the small-k limit of gk. We thus find
g(r) ≈ 2µ
∆
−i`
|r| e
i`ϑr , (A7)
precisely the pair wave function in Eq. (5).
Appendix B: Expansion of Cooper pair wavefunction
in monopole harmonics
To derive Eq. (5), first start with the addition theorem
for monopole harmonics, Ref. 73 and 74, which can be
expressed as
l∑
m=−l
Y ql,m(ra)Y
q
l,m(rb) =
√
2l + 1
4pi
Y ql,q(θ, φ = 0)Fq(ra, rb) .
(B1)
Here the angle θ is given by ra · rb = cos θ = 1− 2|ωab|2
and Fq(ra, rb) is a phase factor that does not depend on
the Landau level index l− q. To determine this factor, it
is sufficient to focus on the LLL, l = q, where consider-
able simplifications occur. Specifically, for positive q the
monopole harmonics satisfy
Y qq,m(ra)Y
q
q,m(rb) =
2q + 1
4pi
(
2q
q −m
)
(uavb)
q−m(ubva)
q+m ,
(B2)
and thus
q∑
m=−q
Y qq,m(ra)Y
q
q,m(rb) =
2q + 1
4pi
(uavb − ubva)2q . (B3)
Inserting this phase factor into Eq. (B1) yields
l∑
m=−l
Y ql,m(ra)Y
q
l,m(rb) =
2l + 1
4pi
ω2qabP
(2q,0)
l−q (cos θ), (B4)
where P
(2q,0)
n are Jacobi polynomials, which satisfy
1
|ωab|2q+1 = 2
∞∑
n=0
P (2q,0)n (cos θ) . (B5)
(This relation follows directly from the generation func-
tional). Multiplying Eq. (B5) with ω2qab and using Eq. B4,
we arrive at the relation quoted in the main text, i.e.,
ω
q−1/2
ab
ω¯
q+1/2
ab
= 2ω2qab
∞∑
n=0
P (2q,0)n (1− 2|ωab|2) (B6a)
=
∞∑
l=|q|
8pi
2l + 1
l∑
m=−l
Y ql,m(ra)Y
q
l,m(rb). (B6b)
Using complex conjugation and symmetries of the
monopole harmonics, one finds that Eq. (B6b) also holds
for negative monopole strength q.
Appendix C: Details on pairwise projection
Any spherically symmetric composite-fermion-pair
wave function that may appear in the argument of the
Pfaffian in Eq. (12) can be expressed using Eq. (B4) as
gCFab =
∑
n
Cnω¯
n
abω
n
abΦ
Q , (C1)
where ΦQ is a LLL wave function at monopole strength
Q > 0. This function can be projected by replacing ω¯ab
with the differential operator dˆab ≡ ∂ua∂vb − ∂ub∂va , i.e.,
PLLL
{
ω¯nabω
n
abΦ
Q
}
=
[
(2Q+ 1)!
(2Q+ n+ 1)!
]2
dˆnabω
n
abΦ
Q. (C2)
9To commute all dab to the right of all ωab, we introduce
the operator tˆab ≡ ua∂ua + va∂va + ub∂ub + vb∂vb , which
satisfies tˆΦQ = 4QΦQ. Moreover, dˆ, tˆ and ω form a
closed algebra
[dˆ, ω] = tˆ+ 2 , [tˆ, ω] = 2ω , [tˆ, dˆ] = −2dˆ . (C3)
(This is a representation of SU(2) with the identification
L+ = ω, L− = −d and Lz = tˆ+22 ). After a straightfor-
ward calculation, we find
dˆsωn =
min{n,s}∑
k=0
n!s!
k!
ωn−k
(n− k)!
dˆs−k
(s− k)! fˆ
n−s
k , (C4)
where fˆδk ≡
∏k
i=1(tˆ+ i+ δ + 1). For CFs at filling factor
ν = 1/2p, the function ΦQ is given by
ΦQ = ω2p+2qab J pab ≡ ω2p+2qab
(∏
i 6=a,b ωaiωbi
)p
. (C5)
To perform projection, one still needs to compute the
derivatives dnabJ pab. In the case p = 1 the expressions
simplify considerably. We observe that
dˆab(ωaiωbj) = ωij = Ωijωaiωbj , Ωij ≡ ωij
ωaiωbj
, (C6)
and compute
dˆabJab = dˆab
(∏′
i
ωaiωbi
)
= Jab
∑′
i,j
Ωi,j
=
∑
i,j
ωij
(∏′
k 6=i,l 6=j ωakωbl
)
. (C7)
Here, the prime specifies that indices run over all parti-
cles other than a and b. Notice that the product in the
last line Eq. (C7) has a similar structure as Jab. Conse-
quently, acting repeatedly with dˆab results in
dˆnabJab = Jab
∑
i1 6=...in
∑
j1 6=...jn
n∏
α=1
Ωiαjα . (C8)
Figure 4. The amplitude of 2kF oscillations exhibited by free
fermions on a sphere deviates significantly from the Np →∞
limit (solid line) up to relatively large particle numbers.
Next, we introduce habi = ωai/ωbi to rewrite
ωabΩij = 1− habi hbaj . (C9)
As a final step, we multiply Eq. (C8) by ωnab and use
Eq. (C9) to find
ωnabdˆ
n
abJab =
n∑
k=0
(−1)k
(
n
k
)(
k!(N − k)!
(N − n)!
)2
Jabeabk ebak .
(C10)
Here N = Np − 2 and eabk are the elementary symmetric
polynomial in N variables hi for i 6= a, b, i.e.,
eabk ({habj }) =
∑
i1<...<ik
k∏
α=1
habiα . (C11)
A straightforward evaluation of these sums would require
on the order of Nnp operations, but can fortunately be
avoided. Refs. 63–65 developed an efficient algorithm
for evaluating eabn , which can be readily adapted to the
present case.75
For the wave functions introduced in the main text,
the steps described by Eqs.(C1)-(C4) result in
PLLL
[
ω
q−1/2
ab
ω¯
q+1/2
ab
ω2pabJ pab
]
Nc
=
Nc∑
n=0
ANcn ω
n+2p+2q
ab d
n
abJ pab, (C12)
where Nc = lc − |q| is the cutoff, cf. Eq. (15), and the
coefficients ANcn for q > 0 are given by
ANcn =
Nc∑
s=n
s∑
k=n
2(−1)k
n!(s− k)!
(2p(Np − 1) + 2q + 1 + k − n)!
(2p(Np − 1) + 2q + 1)!(k − n)!
× (s+ k + 2q)!
(k + 2q)!
(k + 2(p+ q))!
(n+ 2(p+ q))!
[
(pNp + 2q + 1)!
(pNp + k + 2q + 1)!
]2
.
(C13)
Appendix D: Fermi liquids and composite Fermi
liquids on a sphere
To help interpret our numerical results for CFLs, it is
instructive to recall the free-fermion behavior in the same
geometry. At monopole strength q = 0, the free fermion
structure factor is given by
Sl = 1−
lF∑
l1,l2=0
(2l1 + 1)(2l2 + 1)
4pi(lF + 1)2
(
l l1 l2
0 0 0
)2
, (D1)
where the last term on the right-hand side is the Wigner
3j-symbol. The amplitudes of the corresponding 2kF os-
cillations66 are shown in Fig. 4. As expected for a gapless
state, there are strong finite-size effects. Even for large
system sizes inaccessible by Monte-Carlo methods, there
are significant deviations from the thermodynamic be-
havior. In particular, the oscillation amplitudes increase
10
Figure 5. The 2kF oscillations of the CFL at qP qualitatively
match the ones of free fermions. Notice that the odd peaks are
systematically higher than the even ones, since we show both
maxima (up-pointing triangles) and minima (down-pointing
triangles), and the base-line is non-constant.
as R → pi, i.e., between antipodal points. A numeri-
cally accurate determination of the exponent α is thus
challenging.
For the CFLs, we obtained data for up to Np = 56.
We find good qualitative agreement with the free fermion
behavior (Fig. 5). In particular, the decay of oscillations
changes substantially between Np = 20 and Np = 56.
Any decay exponent extracted from small to moderate
system sizes should thus be viewed as a lower bound
on its actual value. Still, our data suggest that α takes
a somewhat smaller value than for free fermions in the
thermodynamic limit.
We find only a weak dependence of the 2kF oscillation
on the monopole strength (Fig. 6). The data for qMR,
qaPf, and qPH deviate only very close to R ≈ pi. The
latter exhibit an upturn that corresponds to constructive
interference, similar to the case of free fermions at zero
monopole strength. By contrast, there appears to be de-
structive interference for qMR and qaPf (notice, however,
that the final dip is preceded by an increase for R & pi/2).
Figure 6. CFLs at different monopole strengths and com-
parable particle numbers exhibit similar 2kF oscillation apart
from the final peak.
Figure 7. The density-density correlation function of the
PH-Pfaffian trial state shows a global suppression of the 2kF
amplitudes with increasing particle number, but almost no
change in the R dependence.
Table IV. At Np = 56, the PH-Pfaffian trial wave function
with pairwise projection is converged to more than 99% at
the cutoff Nc = lc − |q| ≥ 14, for single CF projection, the
convergence is reached for Nc ≥ 12.
Nc = 12 Nc = 14 Nc = 15
|〈ΨpairPH,Nc=20|ΨpairPH,Nc〉| 88.7(2)% 99.42(2)% 99.90(1)%
|〈ΨsinglePH,Nc=20|ΨsinglePH,Nc〉| 99.79(1)% 99.980(1)% 99.9994(1)%
Appendix E: PH-Pfaffian supplementary data
We show the convergence of the single and pairwise
projection methods in Tab. IV. Specifically, we take the
pairwise projected state with Nc = lc − |q| = 20 as a
reference for Np = 56 and determine the overlap for any
smaller cutoff. We find that the convergence is expo-
nentially fast, and an overlap above 99% is reached for
Nc ≥ 14. In general, the cutoff lc ≈ 2lF provides a good
approximation at any particle numbers.
Figure 8. The density-density correlation functions of PH-
Pfaffian with Np = 30 at filling factors ν =
1
4
and ν = 1
2
are
qualitatively similar. At short distances g(R) ∝ R2/ν−2, and
2kF oscillations persist for all R.
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Figure 9. The low-lying states in the orbital entanglement
spectra of the trial states ΨCFanti-Pfaffian, and Ψ
CF, single
anti-Pfaffian ex-
hibit perfect qualitative agreement with the ones obtained
through PH-conjugation of the Moore-Read wave function.
To further characterize the PH-Pfaffian trial state, we
show the density-density correlation function for different
particle numbers in Fig. 7. The overall R-independent
amplitude of oscillations decreases with particle num-
ber, but there is no significant difference in the R de-
pendence. For all Np, the oscillation amplitudes ex-
hibit an increase for R & pi/2, similar to free-fermions
and CFLs (cf. App. D). Consequently, we may place the
bound ξPH > 12r0 on the correlation length of the PH-
Pfaffian trial state. This value is an order of magnitude
larger than the ones found for the Moore-Read and anti-
Pfaffian wave functions.
Finally, we compare the PH-Pfaffian trial states at fill-
ing factors ν = 12 and ν =
1
4 for Np = 30 in Fig. 8.
In the quarter-filled case, there is a somewhat stronger
R dependence of the oscillation amplitude, but at both
fillings, the oscillations persist over the entire sphere. It
may be worth exploring whether the R dependence is
indicative of an exponential decay at larger Np, but the
correlation length would still be substantially longer than
in the case of Moore-Read or anti-Pfaffian.
Appendix F: Anti-Pfaffian entanglement spectra
The trial states ΨCFanti-Pfaffian and Ψanti-Pfaffian exhibit
overlaps above 99% for Np ≤ 10 with the PH-conjugate
Moore-Read wave function, see Tab. III. Thus, it is un-
surprising that their entanglement spectra76 also match
well, but we still provide them for completeness. Specifi-
cally, we perform an orbital decomposition where subsys-
tem A contains five particles with positive angular mo-
mentum Lz and B the other five with negative Lz. In
Fig. 9, we plot the corresponding entanglement energies
as a function of the total angular momentum in subsys-
tem A. When using pairwise projection, the overlaps
with Ψanti-Pfaffian is somewhat smaller, but the entangle-
ment spectrum still matches qualitatively; the degenera-
cies of the low lying states are identical.
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